A discrete population model integrated using the forward Euler method is investigated. The qualitative bifurcation analysis indicates that the model exhibits rich dynamical behaviors including the existence of the equilibrium state, the flip bifurcation, the NeimarkSacker bifurcation, and two invariant closed curves. The conditions for existence of these bifurcations are derived by using the center manifold and bifurcation theory. Numerical simulations and bifurcation diagrams exhibit the complex dynamical behaviors, especially the occurrence of two invariant closed curves.
Introduction
Differential equations and difference equations are generally applied in mathematical biology modeling. Compared with differential equations, there are less different equations in ecological or epidemiological modeling; the main reason is the incompleteness of theories and methodologies for dynamical studies of discrete models. However, there are increasing attentions and research results on discrete models recently. One major reason is that discrete models as computational models are more efficient for numerical simulations and research results exhibit more richer dynamics than continuous ones. Another reason is that difference equations are more realistic and intelligible to characterize the population size of a single species when it has a fixed interval between generations or measurements.
Up to now, the researches on discrete models are still focused on the dynamical behaviors (including stability, periodic solutions, bifurcations, chaos, and chaotic control; see [1] [2] [3] [4] [5] [6] ), and most of the scholars have studied the NeimarkSacker bifurcation, a codimension-1 bifurcation, which has shown one invariant closed curve bifurcating from an equilibrium point. However, they do not consider further, the same as the phenomenon of limit cycles bifurcation in continuous models, the fact that the discrete models can exhibit the interesting dynamic behavior of two invariant closed curves bifurcating from an equilibrium point. One reason is the heavy computation, and another reason is the lack of proper theories and methods for the discrete models. In this paper we intend to research on this dynamic behavior in a discrete population model by using the bifurcation theory and normal form method; it is a fresh attempt different from previous related works. Meanwhile, we also propose a new research aspect by this work.
We consider a continuous of Kolmogorov model [8] [9] [10] given by = (1 − ) ( − ) − 
where , represent the sizes of the prey and the predator population, respectively. It is assumed that the prey admits the Logistic growth if no predator exists. is the intrinsic growth rate; is the carrying capacity of the environment; is the minimum of viable population; is the maximal per capita consumption rate; is the number of prey necessary to achieve one-half of the maximum rate ; is the conversion efficiency of the consumed prey into new predator; is the natural death rate of predators when predator
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From the biological meaning all parameters are assumed to be positive and ≪ . The change of variables and the time rescaling given by the function [12, 13] ( , V, ) = ( ,
turns model (1) into a polynomial system
where = / 2 , = ( − )/ , = √ / 2 ( − ) for − > 0, and = / . The new parameters satisfy the following conditions:
It is clear that det ( , V, ) = (1/ )( + 2 2 ) > 0, and is a diffeomorphism [14] .
We apply the forward Euler discrete scheme to system (3) and obtain the following discrete model:
The Existence and Stability of Equilibria
The equilibrium point ( * , V * ) of (5) satisfies following equations:
There are four equilibrium points; it is easy to get that they are (0, 0), (1, 0), ( , 0), and ( , ), where
The existence of the unique positive equilibrium point ( , ) requires that 0 < < < 1, 0 < < 1, > 0, > 0. The Jacobian matrix of model (5) at equilibrium point ( (1) The eigenvalues of (0, 0) are 1 = 1 − < 1, 2 = 1 − 2 < 1. (2) The eigenvalues of (1, 0)
is nonhyperbolic, and there may be a flip bifurcation if = 2/( + 1)(1 − ).
(3) The eigenvalues of ( , 0) 
So then, the characteristic polynomial of the Jacobian matrix * is 
It is easy to see that (1) = 2 > 0 and (−1) = 2 +2 + 4.
Lemma 2. The stability of the positive equilibrium point ( , ) is as follows [1]:
(1) ( , ) is a sink if ∈ (0, (− − √ 2 − 4 )/ ) and < −2 √ (or 0 < < − / and −2 √ < < 0).
(2) ( , ) is a source if one of the following conditions holds: 
Bifurcations Analysis

Flip Bifurcation.
In this subsection, is chosen as a bifurcation parameter. In order to simplify calculation, we use the transformatioñ( (5) is transformed into the origin spontaneously. The parameter perturbation =̃+ 1 is used to write model (5)
Model (12) is expanded tõ
where
The transformatioñ(
where 
12 ( 2 + 1)
Based on the center manifold theorem [18] [19] [20] , for̃and 1 sufficiently small, we assumẽ
then we have
From the invariant property and the power series method [21] , we have the expression
Restricted to the center manifold, the reduced model of (15) is̃(
If we define Discrete Dynamics in Nature and Society then model (21) will undergo a flip bifurcation, if the following nondegeneracy conditions are satisfied:
Theorem 3. Assume that ( .1) and ( .2) hold. Model (5) will undergo a flip bifurcation if one of the following conditions holds [7] :
(1)̃= 2/ (Lemma 1 (1.4) ).
(2)̃= 2/( + 1)(1 − ) (Lemma 1 (2.3) ). 
We have the expansioñ When 2 = 0, the eigenvalues of the linearized system of model (26) are a pair of complex conjugate numbers and with modulus 1, = + , where
Then we havê=
When 2 = 0, we require ̸ = 1 and ̸ = 1 ( = 1, 2, 3, 4), which leads to
The transformatioñ( ) = 12̃( ),Ṽ( ) = ( − 11 )̃( ) − ( ) takes model (26) into
By the introduction of a complex variable, model (31) can be transformed into the form 
The following nondegeneracy condition (0) ̸ = 0 is necessary for Neimark-Sacker bifurcation, where
, . 2 varies in a small neighborhood of origin. Moreover, if (0) < 0 ( (0) > 0), then a stable (unstable) invariant closed curve will bifurcate from the equilibrium point ( , ) for 2 > 0 ( 2 < 0).
Theorem 4. If condition (28),(30) hold and (0) ̸ = 0, then model (3) will undergo a Neimark-Sacker bifurcation when
The Two Invariant Closed Curves.
In this subsection, we assume that the nondegeneracy condition of Neimark-Sacker bifurcation does not hold, that is, (0) = 0, then model (5) will undergo Chenciner bifurcation at the equilibrium point ( , ). The bifurcation is characterized by two parameters, and . In order to simplify calculation, we use the change of variables̃( ) = ( ) − ,Ṽ( ) = V( ) − , =̌+ 3 , = + 1 . Plugging into model (5) gives
wherẽ= (1/ )(1 − )( −̌− 1 )( + 2 ). The expanded form of model (36) is 
When 3 = 0, 1 = 0, the eigenvalues of (0, 0) are a pair of complex conjugate numbers and with modulus 1. Let = + ,̃= 2 3̃, and 2 .
(39)
We havě= 
As seen in Section 3.2, model (37) can be written by using a complex variable as
where (2 ≤ + ≤ 5) are given in (33) by substitutinĝ+ 2 foř+ 3 and for̆+ 1 . We set 1 = | | − 1, 2 = ( 3 , 1 ), = ( 3 , 1 ), = ( 1 , 2 ), the first inequality of (44) is required that it has the regularity at = 0, and moreover, the second one is an additional nondegeneracy condition for the bifurcation [7] of two invariant closed curves, det ( ) 
We do not provide the complete formula for 2 (0) due to its length (the interested reader can refer to [22] ).
Theorem 5. If the conditions (40),(42),(44) hold, then two invariant closed curves bifurcate from the equilibrium point ( , ) of model (5). The outside invariant closed curve is stable and the inner one is unstable (the outside one is unstable; the inner one is stable) if
2 (0) < 0 ( 2 (0) > 0).
Numerical Simulations
In this section, the bifurcation diagrams and phase portraits of model (5) (5) is (0.9112, 0.0117), and the eigenvalues of the equilibrium point are 0.9994 ± 0.035 , (0) = −1.125 ̸ = 0. Based on Theorem 4, Neimark-Sacker bifurcation occurs when has a small perturbation. There is a unique and stable invariant closed curve bifurcating from the equilibrium point. Figure 3 point of model (5) Figure 4(a) , the green curve marked by N-S denotes the Neimark-Sacker bifurcation manifold [24] , the blue curve denotes the sketchy border where two invariant closed curves collide and disappear, and similarly, C-H denotes the Chenciner bifurcation point. From Figure 4 (b), we can see that when = 0.3, = 0.821, the equilibrium point is unstable and there are no invariant closed curves bifurcating from the point. As decreases, crossing the blue curve, at = 0.3, = 0.81999, two invariant closed curves emerge from the equilibrium point. The larger closed curve is unstable and the smaller one is stable (Figure 4(c) ). When = 0.3, = 0.819, the smaller closed curve invariant closed curve enlarges gradually with the change of and then breaks up; the larger one still retains unstable (Figure 4(d) ).
Conclusion
We investigate the dynamic behaviors of the discrete model (5), obtained from the topologically equivalent model (3) of a differential equation system of Kolmogorov type (1) . Initially, we analyze the local stability of the equilibrium point of model (5) and display the bifurcation diagrams. Furthermore, we present a one-parameter bifurcation analysis of the model (5) (for parameter ) theoretically and show that model (5) can undergo flip bifurcation and Neimark-Sacker bifurcation. Moreover, we do a two-parameter bifurcation analysis of the model (5) (for parameter and ) theoretically and show that the model can undergo two invariant closed curves' bifurcation for small perturbation of parameter and . Finally, we carry out the numerical simulation and (5) is more complex than model (3), it is shown clearly in Figures 2(d) and 3(a) .
The novel result obtained in this paper is the existence of two invariant closed curves of model (5), it is a new result that other papers had not been mentioned, and it provided and extended the research direction on discrete models. Here we mention that we do not focus on chaos, because there are a lot of papers devoted to this topic. We not only verify the existence of two invariant closed curves theoretically and numerically, but also analyze and simulate the stability of the two curves. Although there are many examples [11, 25, 26] to elaborate the existence of multiple limit cycles for continuous models, the research on the existence of two or more invariant closed curves for discrete ecological models is few, even rare due to the complicated calculation. It is not only a tremendous challenge to verify these conditions to produce two invariant closed curves, but also not easy to find proper parameters to simulate the behavior; simultaneously, we need to keep the solution of the model positive. In our work, we provide a new idea to investigate the behavior, similar to continuous situation, by calculating normal form coefficients and finding the -order focal values or Lyapunov coefficients [7, 19, 22, 27] ; this is the first attempt to link limit cycles theory of continuous models with discrete models' invariant closed curves bifurcations by normal form coefficients and Lyapunov coefficients. From above analysis, we can see that this method is feasible and intelligible.
When the given conditions are satisfied, continuous models, as we know, can produce no more than limit cycles if origin as the equilibrium point of the model is fine focus of order . Analogously, discrete models can produce two or more invariant closed curves [22] if corresponding conditions are satisfied, but this is rarely studied in actual Discrete Dynamics in Nature and Society [7] , (b) = 0.3, = 0.821, the equilibrium point is unstable, (c) = 0.3, = 0.81999, the equilibrium point is unstable, two invariant closed curves emerge from the equilibrium point, the larger circle is unstable, and the smaller one is stable, and (d) = 0.3, = 0.819, the equilibrium point is stable and the smaller circle disappears. models; moreover, the invariant closed curves are not the periodic solutions of the discrete model generally. Therefore, there are many works to do.
Future research will focus on the global stability of the equilibrium point and the existence of the discrete model with three or more invariant closed curves, and the conditions for the invariant closed curves are the periodic solutions of the discrete model.
Data Availability
In this paper, the authors study the qualitative dynamics and bifurcation analyses of a discrete population model theoretically, the numerical simulations by Matlab and MatcontM illustrate the validity of the proposed results, the data and figures in the paper are gotten by Matlab, and readers can access the data provided in the paper to verify the results of the paper by Matlab directly.
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